In this paper, we present the basic ideas and fundamental concepts of rough set theory, focusing on properties of rough approximations.
Basic Ideas
Rough set theory, introduced by Pawlak [10] , is a mathematical formalism dealing with uncertainty and to some extent overlapping fuzzy set theory introduced by Zadeh [12] . In fuzzy set theory vagueness is expressed by a membership function. The rough set theory approach is based on indiscernibility relations and approximations. A major advantage of rough set theory is that it needs no preliminary or additional information about data, such as membership functions in fuzzy set theory.
The basic idea of rough set theory is that knowledge about objects is represented by indiscernibility relations. Indiscernibility relations are usually assumed to be equivalences-reflexive, symmetric, and transitive binary relations-interpreted so that two objects are equivalent if we cannot distinguish them by their properties. This means that if we observe objects through knowledge given by an indiscernibility relation, our ability to distinguish objects is blurred-we cannot distinguish individual objects, only their equivalence classes.
Let us consider the situation in Fig.1 . Let X be a subset of a given universe of discourse U and let be an indiscernibility relation on U. Since the equivalence induces the partition U ¡ whose blocks are the equivalence classes of , the objects of the universe U are classified by in three classes for any subset X ¢ U:
(b) objects that are surely not in X;
(c) objects
Objects in class (a) form the lower approximation of X, and objects of type (a) and (c) together form its upper approximation. The boundary of X consists of objects in class (c).¨©¨©¨©¨©¨©¨©¨©¨©¨©¨©¨©¨©¨©©¨©¨©¨©¨©¨©¨©¨©¨©¨©¨©¨©¨©©¨©¨©¨©¨©¨©¨©¨©¨©¨©¨©¨©¨©©¨©¨©¨©¨©¨©¨©¨©¨©¨©¨©¨©¨©©¨©¨©¨©¨©¨©¨©¨©¨©¨©¨©¨©¨©©¨©¨©¨©¨©¨©¨©¨©¨©¨©¨©¨©¨©©¨©¨©¨©¨©¨©¨©¨©¨©¨©¨©¨©¨©©¨©¨©¨©¨©¨©¨©¨©¨©¨©¨©¨©¨© 
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. We cannot distinguish individual objects, only their equivalence classes.
Rough Approximations
As noted in the previous section, indiscernibility relations are commonly assumed to be equivalences. The literature, however, contains studies in which rough approximations are defined by tolerances-reflexive and symmetric binary relations-e.g., [5] and [11] . In [7] and [8] , rough approximations determined by quasi-ordersreflexive and transitive binary relations-and their connection to topological spaces and fuzzy sets are studied. In [9] , operators determined by frames of information relations reflecting distinguishability or indistinguishability of objects of an information system are considered. In [13] , approximations operators defined by arbitrary binary relations are further considered. Here we adopt a similar viewpoint. Definition 2.1. Let R be a binary relation on U, and let us denote for all x U, R6 x7
and the lower approximation of X is 
In the previous proposition, (a) is interpreted so that if an element does not belong with certainty to a set, it belongs possibly to the complement of that set, and if an element does not belong possibly to a set, then it belongs with certainty to the complement. Assertion (b) means that if we cannot decide whether an element belongs to a set, we cannot decide whether the element is in the set's complement either. Claim (c) says that elements belong possibly to the union of some sets if they belong possibly to at least one of the sets in question. An element belongs with certainty to the intersection of sets if it is with certainty in all sets; this is stated in (d). Condition (e) simply means that rough approximation operators are order-preserving.
Below, we show how properties of binary relations are expressed by rough approximations. Note that a survey of the correspondence theory of classical modal logic is found in [2] .
We begin with the following definition: Reflexivity clearly implies seriality. Note also that if a relation is serial, symmetric, and transitive, it is of necessity an equivalence. 
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X-a contradiction! Galois connections are found in numerous settings from algebra to computer science and defined in two theoretically equivalent ways-the one adopted here, in which maps are order-preserving, and the other, in which they are order-reversing. 
Structure of Approximations
In this section, we consider ordered sets of lower and upper approximations. As in Section 2, we denote
We begin with the following observation: 
, and ϕ
Note that Propositions 3.1 and 3.2 give
whenever R is symmetric.
A family of sets
is called a complete ring of sets if . Every complete ring of sets forms a completely distributive lattice for the order ¢ , e.g., [3] . For quasi-orders, we write the following proposition: 
